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Introduction
There are many curious congruences on sums of binomial coefficients (see [S09, S10a, S10b] and [ST1, ST2] ). In a recent paper [S10c] the author investigated products and sums divisible by central binomial coefficients. (See also [C] , [CP] and [GJZ] for another family of sums divisible by central binomial coefficients.) In this paper we focus on factors of products of two binomial coefficients.
In 2009 J. W. Bober [B] determined all those a 1 , . . . , a r , b 1 , . . . , b r+1 ∈ Z + = {1, 2, 3, . . . } with a 1 + · · · + a r = b 1 + · · · + b r+1 such that (a 1 n)! · · · (a r n)! (b 1 n)! · · · (b r+1 n)! is an integer for any n ∈ Z + . In particular, if k and l are positive integers then ln n kln ln kn n = (kln)!((k − 1)n)! (kn)!((l − 1)n)!((k − 1)ln)! ∈ Z for all n ∈ Z + , ⇐⇒ k = l, or {k, l} ∩ {1, 2} = ∅, or {k, l} = {3, 5}.
Before stating our theorems we need to introduce Catalan numbers and extended Catalan numbers.
For n ∈ N = {0, 1, 2, . . . }, the nth (usual) Catalan number is given by
The Catalan numbers arise naturally in many enumeration problems in discrete mathematics (see, e.g., [St, ); for example, C n is the number of binary parenthesizations of a string of n + 1 letters. For h, n ∈ N the nth (generalized) Catalan number of order h is defined by
Note that
Now we present our main results. and (2k − 1)C n 2kn 2n / kn n is odd if and only if n + 1 is a power of two. (ii) Let (k + 1) ′ be the odd part of k + 1. Then
5)
and (k + 1) ′ C (k−1) n 2kn kn / 2n n is odd if and only if (k − 1)n + 1 is a power of two.
(iii) We also have
(1.6) Remark 1.2. (1.6) in the case k = 2 was proved in [S10c] . For a given k ∈ Z + it is interesting to investigate arithmetical properties of the integer sequence
(2 k −1)n n 2 k−1 ((2 k − 2)n + 1) 2n n (n = 1, 2, 3, . . . ).
A key step in our proof of (1.6) is to show the first assertion in our following conjecture with m a prime.
Conjecture 1.1. Let m > 1 be an integer and k and n be positive integers. Then the sum of all digits in the expansion of (m k − 1)n in base m is at least k(m − 1). Also, the expansion of m k −1 m−1 n in base m has at least k nonzero digits. Theorem 1.3. For any n ∈ Z + we have
(1.7) and 3n n 5n − 1 n − 1 C
(2) 5n .
(1.8)
Define two new sequences {s n } n 1 and {t n } n 1 of integers by
(1.10)
Then the values of s 1 , . . . , s 8 are 1, 203, 77572, 38903007, 22716425576, 14621862696188, 10071456400611060, 7291908546474763815 respectively, while the values of t 1 , . . . , t 5 are 91, 858429, 12051818636, 200142760587609, 3648677478873075576 respectively. It would be interesting to find recursion formulae or combinatorial interpretations for s n and t n .
Based on our computation via Mathematica, we formulate the following conjecture on the sequence {t n } n 1 .
Conjecture 1.2. Let n be any positive integer. We have 21t n ≡ 0 (mod 10n + 3).
(1.11)
If 3 ∤ n, then (10n + 3) | 7t n . If 7 ∤ n + 1, then (10n + 3) | 3t n .
In view of Theorems 1.1-1.3 and some computation, we raise the following conjecture. Conjecture 1.3. Let k and l be integers greater than one. If kn n | ln n kln ln−1 for all n ∈ Z + , then k = l, or l = 2, or {k, l} = {3, 5}. If kn n | ln n−1 kln ln for all n ∈ Z + , then k = 2, and l + 1 is a power of two.
Recall that hn+n n /(hn + 1) = C (h) n ∈ Z for all h, n ∈ Z + . It is natural to ask for what positive integers k and l we have (ln + 1) | kn+ln kn for all n ∈ Z + . In this direction, we obtain the following result.
Theorem 1.4. Let k, l, n ∈ Z + . Then
where (k, ln + 1) denotes the greatest common divisor of k and ln + 1. In particular, (ln + 1) | kn+ln kn if l is divisible by all prime factors of k.
Our following conjecture seems difficult.
Conjecture 1.4. Let k and l be positive integers. If (ln + 1) | kn+ln kn for all sufficiently large positive integers n, then each prime factor of k divides l. In other words, if k has a prime factor not dividing l then there are infinitely many positive integers n such that (ln + 1) ∤ kn+ln kn .
In view of Conjecture 1.4 we introduce a new function f : It would be interesting to investigate the behavior of the function f .
In the next section we will establish three auxiliary theorems on inequalities involving the floor function. Sections 3 is devoted to the proofs of Theorems 1.1-1.4.
Throughout this paper, for a real number x we let {x} = x − ⌊x⌋ be the fractional part of x.
Three auxiliary theorems on inequalities
Theorem 2.1. Let m ∈ Z + and k, n ∈ Z. Then we have
unless 2 | m, k ≡ m/2 + 1 (mod m) and n ≡ −1 (mod m), in which case the left-hand side of (2.1) minus the right-hand side equals −1.
Proof. Clearly (2.1) holds when m = 1. Below we assume that m 2. Let A m (k, n) denote the left-hand side of (2.1) minus the right-hand side. Then
In this case, the left-hand side of (2.2) equals
If m | (k − 1)n and n ≡ −1 (mod m), then
If m | (k − 1)n and n ≡ −1 (mod m), then {kn/m} = (m − 1)/m 1/2 > {(k − 1)n/m} = 0 which leads a contradiction. Case 2. {kn/m} < 1/2 {(k − 1)n/m}.
If n ≡ −1 (mod m) and 2k ≡ 1 (mod m), then
If n ≡ −1 (mod m) and 2k ≡ 1 (mod m), then we must have 2 | m and
Case 3. {kn/m} 1/2 > {(k − 1)n/m}. In this case, the left-hand side of (2.2) is
Combining the above we have completed the proof of Theorem 2.1.
Theorem 2.2. Let m > 2 be an integer. For any k, n ∈ Z we have
Since k + ((k − 1)n + 1) + kn − 2kn + 2n − n = k + 1, it suffices to show that M 0. Case 1. {n/m} < 1/2 & {kn/m} < 1/2, or ({n/m} 1/2 & {kn/m} 1/2).
In this case,
If kn ≡ −1 (mod m), then m ∤ n and hence
Case 2. {n/m} < 1/2 {kn/m}. In this case,
Case 3. {kn/m} < 1/2 {n/m}. In this case, m ∤ n and
If (k − 1)n + 1 ≡ 0 (mod m), then {(n − 1)/m} = {kn/m} < 1/2 {n/m}, hence m is odd (otherwise n ≡ m/2 (mod m) and thus 1 ≡ 0 (mod m/2) which is impossible) and n ≡ (m + 1)/2 (mod m), therefore
Now assume that (k − 1)n + 1 ≡ 0 (mod m). Clearly {kn/m} < {(n − 1)/m} and hence
By the above we always have M 0 and hence (2.3) follows. 
If {2x} < 1/2 and {2x} {5x}, then
Case 1. {2x} = 2{x} and hence {x} < 1/4. Since {5x} < 2{x}, we cannot have {5x} = 5{x}. As 5{x} < 5/4 < 2, we must have {5x} = 5{x} − 1 and hence {x} 1/5. Note that 12/5 12{x} < 3 and hence {12x} = 12{x} − 2. Therefore
Case 2. {2x} = 2{x} − 1 and hence 1/2 {x} < 3/4. As 5/2 5{x} < 15/4, {5x} is 5{x} − 2 or 5{x} − 3. Since 5{x} − 2 > {2x} = 2{x} − 1, we must have {5x} = 5{x} − 3 < {2x} = 2{x} − 1 and hence 3/5 {x} < 2/3. Observe that 7 < 12 × 3 5 12{x} < 12 × 2 3 = 8 and thus {12x} = 12{x} − 7. Therefore X = 12{x} − 7 + 5{x} − 3 − (2{x} − 1) = 15{x} − 9 0.
Combining the above we have proved (2.4). Remark. For a positive integer m divisible by 3, we can prove that (2.5) holds unless n ≡ 2m/3 (mod m) in which case the left-hand side of (2.5) minus the right-hand side equals −1. For a positive integer m divisible by 5, we can show that (2.6) holds unless n ≡ 2m/5, 4m/5 (mod m) in which case the left-hand side of (2.6) minus the right-hand side equals −1.
Proof of Theorem 2.3. (i) Clearly (2.5) holds when m = 2. Below we assume that m > 2 and 3 ∤ m.
As ⌊x⌋ = x − {x} for all x ∈ Q, (2.5) has the following equivalent form:
Since 
Clearly W = 0 if m | 5n. If m | 10n+1, then 2 ∤ m, 5n ≡ (m−1)/2 (mod m) and hence {(5n − 1)/m} < 1/2. Below we simply assume that m ∤ 5n and m ∤ 10n + 1. Observe that
Set x = n/m. Then {5x} {2x} 1/2. By Lemma 2.1(ii), {5x} 2/3 and hence W 0. This concludes the proof.
Proofs of Theorems 1.1-1.4
For a prime p, the p-adic evaluation of an integer m is given by
For a rational number x = m/n with m ∈ Z and n ∈ Z + , we set ν p (x) = ν p (m) − ν p (n) for any prime p. Note that a rational number x is an integer if and only if ν p (x) 0 for all primes p. Let p be any prime. A useful theorem of Legendre (see, e.g., [R, pp. 22-24] ) asserts that for any n ∈ N we have
where ρ p (n) is the sum of the digits of n in the expansion of n in base p. This immediately yields the following lemma.
Lemma 3.1. Let n be a positive integer. Then ν 2 (n!) n − 1. Also, ν 2 (n!) = n − 1 if and only if n is a power of two.
Remark. The latter part of Lemma 3.1 also follows from [SD, Lemma 4.1] .
Proof of Theorem 1.1. Then
If p is an odd prime and m ′ is an integer with m ′ ≡ m−1/2 (mod p ν p (n!)+1 ), then n j=1 (2m + 2j − 1) n! ≡ 2 n n j=1 (m ′ + j) n! = 2 n m ′ + n n (mod p).
So Q(m, n) is a p-adic integer for any odd prime p. Note also that ν 2 (Q(m, n)) = n − 1 − ν 2 (n!).
Applying Lemma 3.1 we see that Q(m, n) ∈ Z and that 2 ∤ Q(m, n) if and only if n is a power of two. When n > 1 we have 2n n 2m+2n 2n−1 8 m+n n = Q(m + 1, n − 1).
So the latter assertion in Theorem 1.1(i) follows from the above.
(ii) Observe that So it suffices to apply Theorem 1.1(i) with m = (k − 1)n.
The proof of Theorem 1.1 is now complete.
Lemma 3.2. Let p be a prime and let k ∈ N and n ∈ Z + . Then
and hence the expansion of (p k −1)n in base p has at least k nonzero digits.
Proof. For any m ∈ Z + , by Legendre's theorem we have
If the expansion of m in base p has less than k nonzero digits, then ρ p (m) < k(p − 1). So it remains to show the inequality in (3.1). Observe that
So the inequality in (3.1) follows. We are done.
Proof of Theorem 1.2. (i) Define A m (k, n) for m > 1 as in the proof of Theorem 2.1. Observe that Q 1 := (2k − 1)C n 2kn kn kn n = (2kn)!((k − 1)n)!(2k − 1)! (n + 1)!(kn)!(2(k − 1)n)!(2k − 2)! .
So, for any prime p we have
A p i (k, n).
By Theorem 2.1, A p i (k, n) 0 unless p = 2, k ≡ 2 i−1 + 1 (mod 2 i ) and n ≡ −1 (mod 2 i ), in which case A p i (k, n) = −1. Therefore 2Q 1 ∈ Z.
Observe that
((2k − 2)n + 2j − 1). and thus ν 2 (Q 1 ) = n −ν 2 ((n +1)!). With the help of Lemma 3.1 we obtain that Q ∈ Z and that Q is odd if and only if n + 1 is a power of two. This proves Theorem 1.2(i).
(ii) Obviously
Given an odd prime p, clearly ν p (Q 2 ) coincides with
which is nonnegative by Theorem 2.2. Now we consider ν 2 (Q 2 ). Set m = (k − 1)n. Then
and therefore ν 2 (Q 2 ) = ν 2 (k + 1) + m − ν 2 ((m + 1)!). Applying Lemma 3.1 we see that ν 2 (Q 2 ) ν 2 (k + 1). So Q 2 /2 ν 2 (k+1) is an integer. With the help of Lemma 3.1,
2kn kn 2n n is odd ⇐⇒ ν 2 ((m + 1)!) = m ⇐⇒ m + 1 = (k − 1)n + 1 is a power of two.
This concludes the proof of Theorem 1.2(ii).
(iii) Since the odd part of (2 k − 1) + 1 is 1, by part (ii)
is an integer and also ν 2 (Q 3 ) = m−ν 2 ((m+1)!), where m = ((2 k −1)−1)n is even. Thus, with helps of Legendre's theorem and Lemma 3.2 with p = 2, we have ν 2 (Q 3 ) = m! − ν 2 (m!) = ρ 2 (m) = ρ 2 ((2 k−1 − 1)n) k − 1.
Therefore 2 k−1 | Q 3 and hence (1.6) holds.
So far we have completed the proof of Theorem 1.2. (2) 5n 3n n = (15n − 1)!(2n)! (10n + 1)!(4n)!(3n − 1)! .
Proof
By Theorem 2.3, ν p (A) 0 for any prime p = 3, and µ p (B) 0 for any prime p = 5. Thus, it suffices to show that ν 3 (A) 0 and ν 5 (B) 0. In fact, C In view of the above, we have completed the proof of (3.2). It follows that ln + 1 divides k kn+ln kn . We are done.
